Mesoscopic superposition states of photons can be prepared in three cavities interacting with the same two-level atom. By periodically modulating the three cavity frequencies around the transition frequency of the atom with 2π/3 phase difference, the time reversal symmetry is broken and an optical circulator is generated with chiralities depending on the quantum state of the atom. A superposition of the atomic states can guide photons from one cavity to a mesoscopic superposition of the other two cavities. The physics can be understood in a finite spin-orbit-coupled Fock-state lattice where the atom and the cavities carry the spin and the orbit degrees of freedom, respectively. This scheme can be realized in circuit QED architectures and provides a new platform for exploring quantum information and topological physics in novel lattices. [7, [16] [17] [18] , and micromacro entangled states [19, 20] , are generally difficult to obtain due to their fragility and the requirement of large nonlinearities or post selection. The high-finesse [21, 22] and superconductor cavities [23] have enabled improved robustness and enhanced nonlinearity to such a level that the coherent state superposition of 100 photons has been realized [13] . By using the Mølmer-Sørensen approach [17] , GHZ states with 14 ions have been prepared [18] . In contrast, scalable mechanisms are still rare to prepare NOON states, for which the highest number realized in experiments is 5 [14] .
Superposition of mesoscopically distinctive quantum states plays an important role in quantum metrology and lithography [1] [2] [3] , quantum computation [4] and teleportation [5] , and in the test of fundamental quantum theories [6, 7] . Their many varieties, including the coherent state superposition (cat states) [8] [9] [10] [11] [12] [13] , NOON states [1, 2, 14] , entangled coherent states [5, 15] , GreenbergerHorne-Zeilinger (GHZ) states [7, [16] [17] [18] , and micromacro entangled states [19, 20] , are generally difficult to obtain due to their fragility and the requirement of large nonlinearities or post selection. The high-finesse [21, 22] and superconductor cavities [23] have enabled improved robustness and enhanced nonlinearity to such a level that the coherent state superposition of 100 photons has been realized [13] . By using the Mølmer-Sørensen approach [17] , GHZ states with 14 ions have been prepared [18] . In contrast, scalable mechanisms are still rare to prepare NOON states, for which the highest number realized in experiments is 5 [14] .
High number Fock states can be systematically generated in superconducting resonators [24, 25] and circuit QED systems [26, 27] . In particular, number states containing 15 photons [27] have been prepared in superconductor circuits. Deterministic generation of NOON states up to N = 3 was achieved by first creating entanglement between two resonators and then increasing their photon numbers [28] . However, once entanglement is created, decoherence accompanies the remaining process, which hinders the scaling up to high NOON states. Therefore, it is favourable to first create high photon number states before generating entanglement. In this Letter, we realize the following transformation that can generate NOON states from number states,
where a j (j = 0, 1, 2) are the annihilation operators of three cavities, and |e and |g are the excited and ground states of a two-level atom. The photon state of a cavity is transferred to either one of two other cavities depending on the atomic states. The significance of this transformation is manifested in achieving various types of mesoscopic superposition states from number states or coherent states. We initially prepare an unentangled state
where |N, 0, 0 means that the first cavity contains N photons while the other two cavities are in the vacuum state. After the transformation in Eq. (1), the state becomes
which is a micro-macro entangled state [19, 20] . Applying a π/2 pulse to the above state yields
in which the cavities are in different NOON states for different atomic states. If initially the first cavity is in a coherent state |α, 0, 0 , the final photon states are 1/ √ 2 (|0, α, 0 ± |0, 0, α ), i.e., entangled coherent states [15] .
The transformation in Eq.(1) can be obtained by the following Hamiltonian
where the cavity index j is cyclic, is the reduced Plank constant, κ is a real-number coupling constant, arXiv:1602.08009v3 [quant-ph] 6 Jun 2016 and σ z = |e e| − |g g| is the z-component of the pseudo-spin Pauli matrices of the atom. H can be regarded as a spin-orbit-coupled Hamiltonian of a Fockstate lattice ( Fig. 1) , where the directions of photon currents depend on the pseudo-spin state of the atom, as will be shown later. The Hamiltonian can be diago-
The eigenfrequencies of the eigenmodes b 0 , b 1 and b 2 are correspondingly ω 0 = 0,
which yields a 0 (T ) = a 1 (0)|g g| + a 2 (0)|e e| at T ≡ 2π/3 √ 3κ. Similar equations of a 1 and a 2 lead to a 0 (0) = a 1 (T )|e e| + a 2 (T )|g g|, i.e., Eq. (1).
One important feature of H that realizes the above transformation rests in the complex coupling coefficient iκ, which introduces an effective magnetic field in the pseudo-lattice formed by the Fock states of the three cavities (as shown in Fig.1 and discussed later). This synthetic magnetic field for photons breaks the time reversal symmetry and creates an optical circulator, which can be generated in circuit QED architectures [29, 30] and parametrically modulated coupled-resonators [31] . Another key feature of our scheme is that the chirality of the circulator is opposite for |e and |g states due to the factor σ z in Eq.(4). If κ > 0, the ground state mode is b 1 for |e state and b 2 for |g state. b 1 and b 2 are photonic modes with opposite quasi-momenta, which drive the rotation in Eq.(5).
The Hamiltonian H can be realized in three cavities with modulated frequencies ν j = ν + ∆ sin(ν d t − 2jπ/3) coupled to the same two-level system. The interaction Hamiltonian under the rotating wave approximation is
where δ = ω − ν with ω being the atomic transition frequency, g v the vacuum Rabi frequency between the cavities and the atom, σ + = |e g| the atomic raising operator, and f = ∆/ν d . Under the condition ν d √ N g v with N the total excitation number of the atom and photons, we obtain the effective Floquet Hamiltonian after adiabatically eliminating the fast oscillating terms [32, 33] as H I = H 0 + H [34] , where
and H is defined in Eq. (4) with κ = g [35, 36] between the cavities j and the atom such as g j (t) = 2g v cos(
Helical currents exist in the lattice composed of the photon number states of the three cavities, as shown in Fig.1 . The effective Hamiltonian H I = H 0 + H conserves the total excitation number N = 2 j=0 n j + (σ z + 1)/2 where n j = a † j a j . The quantum states with constant N form a finite triangular lattice. One of n j 's is zero on each of the three triangular boundaries. This lattice has a similar structure to the Haldane model [37] with site-varying coupling coefficients. In particular, there are periodic magnetic fluxes, which are the key for topological insulators and helical edge states [38] . The up and down triangles in the same sublattice have opposite effective magnetic fluxes. Due to the triangular boundaries, up triangles outnumber down triangles by the total number of photons and there are net fluxes in each of the whole sublattices, which are in particular obvious near the edges. The quantum states |e |N − 1, 0, 0 and |g |N, 0, 0 travel near the edges in opposite directions, which results from the opposite net local effective magnetic field in the two sublattices.
We can understand the helical transportation from the dispersion relation in the eigen space of normal modes. , where the direction in a 0 → a 1 → a 2 is defined as positive and the distance between two a j modes is one. The group velocity is therefore
After time T , the photons are transported from mode a 0 to a 1 when σ z = 1 and to a 2 when σ z = −1, which is consistent with the conclusion of Eq.(5). In our previous study on topological superradiance lattices [39] , plane wave modes are coupled with extended ensemble of atoms and the superradiance momentum states of atoms form the approximately infinite lattice structures. Here we have a single atom coupled with cavity modes. Cavity photon number states form the lattice structures, which contain edges determined by quantum electrodynamics (no negative photon number states exist). In this finite lattice, the hopping rates depend on the sites, which is an inherit property of the annihilation operators. However, the helical currents are robust to the site-varying coupling strength. Moreover, it results in the synchronized and nondispersive (∂E/∂p = E/p and ∂ 2 E/∂p 2 = 0) transportation of different number states. At t = mT with m an integer, the excitation concentrates on one lattice site at one of the three corners, while in a lattice with homogeneous coupling strengths, the excitation is scattered by the corners and distributed all over the lattice for large t [34] .
NOON states can be realized without being entangled with the atom at the end, as shown in Fig.2 . We first prepare the state |ψ 0 = |g |N, 0, 0 and all the cavities but a 0 are initially out of resonance. After a π/2 Rabi rotation, |ψ 1 = 1/ √ 2 (|g |N, 0, 0 − |e |N − 1, 0, 0 ). Then we modulate the cavity frequencies and after time T , |ψ 2 = 1/ √ 2 (|g |0, 0, N − |e |0, N − 1, 0 ). We then tune all cavities but a 1 out of resonance. After a π Rabi rotation, the final state is |ψ 3 = 1/ √ 2|g (|0, 0, N − |0, N, 0 ). If we replace the number state |N, 0, 0 with the coherent state |α, 0, 0 , we can prepare the entangled coherent state 1/ √ 2(|0, 0, α − |0, α, 0 ) with small discrepancies due to the different Rabi frequencies of different number states, which can be neglected when α is large (see [34] for the discrepancy and the cat state preparation).
The photonic GHZ states can also be prepared by making a chain of three-cavity systems. By initially preparing a quantum state 1/ √ 2(|e + |g ) ⊗ 
(color online). Evolution of the density matrix elements with (solid lines) and without (dashed lines) dissipation, e; 0, 9, 0|ρ(t)|e; 0, 9, 0 (red lines), g; 0, 0, 10|ρ(t)|g; 0, 0, 10 (blue lines) and | g; 0, 0, 10|ρ(t)|e; 0, 9, 0 | (green lines). The relaxation and dephasing times of the two-level system are 650 ns and 150 ns, respectively. The cavity relaxation time is 3.47 µs. T = 80 ns.
Mesoscopic superposition states can be prepared even if we only have two cavities [34] , H = κσ z (ia † 0 a 1 − ia † 1 a 0 ) = κσ z J y where we have used the Schwinger boson representation of the angular momentum
. This Hamiltonian is equivalent to that of Faraday rotation [40, 41] and the quantum optical Fredkin gate [42, 43] . The large spin of Schwinger bosons (photons in the two cavity modes) rotates in opposite directions conditioned by the small spin states. The state |J z = −N (|e + |g ) / √ 2 can evolve to |J x = −N |e + e iφ |J x = N |g / √ 2 with φ a phase angle. However |J x = ±N involve superposition of two cavity modes and hinder the extraction of the final states. Macroscopic rotation up to six degrees has been realized in quantum dot cavities [44] , which nevertheless cannot be used to prepare NOON states. Besides, there is no synthetic magnetic field for only two modes.
Next we analyse the experimental feasibility and the robustness of this scheme against noises. High number Fock states can be prepared on demand in various cavity systems [24-27, 45, 46] . In particular, we can couple three superconductor resonators to the same superconducting phase qubit, where Fock states up to photon number 15 can be achieved [27] . The qubit relaxation and dephasing times are typically tens of microseconds [47] [48] [49] . The coupling strength between the qubit and the resonators can be hundreds of MHz [50, 51] . The single photon relaxation time of fixed frequency resonators can be milliseconds [49, 52] . Tunable resonators based on kinetic inductance can also have a relaxation time as long as 6 µs [53] . The time modulation of the resonator frequencies can be realized by tuning a superconducting quantum interference device coupled to the resonators as those in the dynamic Casimir effect [54] [55] [56] [57] or by permittivity modulation in parametrically modulated resonators [31] . We adopt parameters that are typically achievable in superconductor circuit experiments [26, 28] and simulate the same process as in Fig.1 but with dissipation. The evolution of the density matrix components on the target state ψ 2 |ρ(t)|ψ 2 is plotted in Fig.3 . It is clear that at time t = T , the density matrix has a major overlap with the target state |ψ 2 .
In conclusion, mesoscopic superposition states of photons can be prepared via the synthetic spin-orbit interaction of three cavities coupled to the same two-level system. The mechanism can be readily realized in circuit QED systems and provide non-magnetic chiral building blocks. The photon number lattices are similar to the Haldane model with site-dependent coupling strengths and triangular boundaries. Besides applications in quantum metrology and quantum information, this study provides a new platform for investigating topological properties in novel lattices.
